
Imperative Polymorphism by
Store-Based Types as Abstract Interpretations

Casper Bach Poulsen, Peter D. Mosses, Paolo Torrini

Department of Computer Science
Swansea University

Swansea, UK

{cscbp,p.d.mosses,p.torrini}@swansea.ac.uk

13 January 2015
PEPM, Mumbai, India



Type safety
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—Robin Milner
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How do we construct a type system?
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The problem with divergence in big-step SOS

x ∈ Var i ∈ Z ρ ∈ Var fin−→ Val
Expr 3 e ::= λx.e | e e | x | i Val 3 v ::= 〈x, e, ρ〉 | i

Div 3 δ ::= � | �

ρ ` e/� ⇒ v/�
(Div)

ρ ` e⇒ v

ρ ` λx.e ⇒ 〈x, e, ρ〉
ρ(x) = v
ρ ` x ⇒ v ρ ` i ⇒ i

ρ ` e1 ⇒ 〈x, e, ρ′〉 ρ ` e2 ⇒ v2 ρ′[x 7→ v2] ` e ⇒ v
ρ ` e1 e2 ⇒ v
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Coinductive interpretation

The coinductive interpretation of ⇒ contains all computations
expressible in the untyped λ-calculus.



Semantic function

SJ•K ∈ S , Env→ ℘(Val× Div)

SJeK = Λρ.{〈v, δ〉 | ρ ` e/� ⇒ v/δ}

For example:

SJ(λx. x)K = Λρ.{〈〈x, x, ρ〉, �〉}

SJ(λx. x x)(λx. x x)K = Λρ.{〈v, δ〉 | v ∈ Val, δ ∈ Div}

6/20



Semantic function

SJ•K ∈ S , Env→ ℘(Val× Div)

SJeK = Λρ.{〈v, δ〉 | ρ ` e/� ⇒ v/δ}

For example:

SJ(λx. x)K = Λρ.{〈〈x, x, ρ〉, �〉}

SJ(λx. x x)(λx. x x)K = Λρ.{〈v, δ〉 | v ∈ Val, δ ∈ Div}

6/20



Semantic function

SJ•K ∈ S , Env→ ℘(Val× Div)

SJeK = Λρ.{〈v, δ〉 | ρ ` e/� ⇒ v/δ}

For example:

SJ(λx. x)K = Λρ.{〈〈x, x, ρ〉, �〉}
SJ(λx. x x)(λx. x x)K = Λρ.{〈v, δ〉 | v ∈ Val, δ ∈ Div}

6/20



Overview

Xbig-step SOS for λ

polymorphic type system

abstraction
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Type safety

“Well-typed programs can’t go wrong”

Γ ` e : τ

=⇒ ρ : Γ =⇒
∃v, δ. ρ ` e/� ⇒ v/δ ∧ Γ ` v : τ
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Abstraction

1. Define abstract domain

2. Type safety as abstraction function and Galois connection

3. Construct typing relation
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1. Base-type domain definition

S , Env→ ℘(Val× Div)

B , ℘(BEnv× BType)

Concrete values:

Val 3 v ::= 〈x, e, ρ〉 | i ρ ∈ Env , Var fin−→ Val

Base-types:

BType 3 b ::= 〈x, e, ρb〉 | int ρb ∈ BEnv , Var fin−→ BType
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Abstraction

αb ∈ ℘(S)→ B property abstraction

αb
v ∈ Val→ BType value abstraction

αb
ρ ∈ Env→ BEnv environment abstraction

αb
s ∈ S→ B semantic function abstraction



2. Base-type safety as Galois connection

C , ℘(S) B , ℘(BEnv× BType)

BJeK

{SJeK}

⊇

αb({SJeK})

αb

⊆
γb(BJeK)

γb

〈C,⊆〉 −−→←−−α
γ
〈B,⊇〉

See paper for details
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3. Constructing typing function BJ•K

Define:
BJeK , {〈ρb, b〉 | ρb ` e⇒b b}

Type safety as guiding principle:

BJeK ⊆ αb
s (SJeK)

Define αb
s :

αb
s (S) , {〈ρb, b〉 | ∀ρ. ρb = αb

ρ(ρ) =⇒
∃v. b = αb

v(v) ∧ 〈v, �〉 ∈ S(ρ)}
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Unfolding the guiding principle

ρb ` e⇒b b =⇒ ρb = αb
ρ(ρ) =⇒

∃v. ρ ` e/� ⇒ v/� ∧ αb
v(v) = b

Deriving the structure of⇒b:
rule induction on typing relation, using knowledge of⇒ and αb

v .



Overview

Xbig-step SOS for λ

polymorphic type system

Xabstraction
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Polymorphic type system

B , ℘(BEnv× BType) P , ℘(PEnv×MType)

Base-types:

BType 3 b ::= 〈x, e, ρb〉 | int ρb ∈ BEnv , Var fin−→ BType

Monotypes with polytype environments:

MType 3 m ::= m→ m | int ρp ∈ PEnv , Var fin−→ ℘(MType)

See paper for details
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And now:
A preliminary store-based type system and some implications for
imperative polymorphism.



Imperative let-polymorphism for λref

Imperative polymorphism?
I polymorphic type inference in the presence of imperative

features (e.g., references)

ρ ` e/δ ⇒ v/δ′

Expr 3 e ::= λx.e | e e | x | i

| ref e | !e | e := e

Val 3 v ::= 〈x, e, ρ〉 | i

| l

σ ∈ Loc fin−→ Val
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An example – value restriction

An error-free program:

let mkref = (λx. ref x)
in mkref 1; mkref true

I mkref = (λx.ref x) : ∀α. α→ (α ref)

I (mkref 1) : int ref

I (mkref true) : bool ref
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Let-polymorphism for λ

ρp ` e ⇒p m

MType 3 m ::= m→ m | int

ρp ∈ PEnv , Var fin−→ ℘(MType)
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Store-based let-polymorphism for λref

ΓP ` e/ς ⇒S M/ς′

MTypeς 3 M ::= 〈M, ς〉 → 〈M, ς〉 | int | l

ΓP ∈ PEnv , Var fin−→ ℘(MTypeς)

ς ∈ Loc fin−→ MTypeς
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Store-based function types

ΓP[x 7→ {M2}] ` e/ς0 ⇒
S M1/ς∆

ΓP ` λx.e/ς ⇒S 〈M2, ς0〉 → 〈M1, ς∆〉/ς

ΓP ` e1/ς ⇒S 〈M2, ς0〉 → 〈M1, ς∆〉/ς′
ΓP ` e2/ς′ ⇒S M2/ς′′ ς0 � ς ′′

ΓP ` e1 e2/ς ⇒S M1/ς′′�ς∆
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An example – store-based types

let mkref = (λy.y)(λx.ref x)
in mkref 1; mkref true

I mkref = (λy. y) (λx. ref x)/· :

(∀`.∀β. 〈β, ·〉→〈`, (` 7→β)〉)/·
I (mkref 1)/· :
I (mkref true)/(l1 7→int) :

Passes type checking ,
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Conclusions and future work

Divergence in big-step SOS:
I concise semantics amenable to abstract interpretation

Abstraction as guiding principle:
I viable for constructing safe type systems
I ongoing work: Coq encoding and proofs

Store-based types:
I derivation remains to be rigorously checked
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